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1. Introduction 



The aim of this paper is to present a proof of the positive mass conjecture 
in every dimension and without additional topological assumptions. 

This conjecture appeared in the early 60s when the definition of the total 
energy by Arnowitt,Deser and Misner [ADM] was generally accepted. 
In the late 70s Schoen and Yau [SY1-2] , slightly later Witten [W] and more 
recently Huisken and Ilmanen [HI] were able to prove the 3 dimensional 
(Riemannian) positive mass conjecture by conceptually different methods. 
Its meaning is (by some reduction technique) that an isolated 4 dimensional 
gravitational system has non-negative total energy. Also in this dimension 
there are interesting variants of proofs cf.( [HI], p. 355-356) for a brief overview. 

However extensions of the original form of general relativity starting from 
Kaluza-Klein theory for electrodynamics up to string theories already need 
5, 10, 11 or even 26 space-time dimensions to work with and thus the result 
in higher dimensions is still of significant interest in physics. 

In differential geometry it is of equal importance in arbitrary dimensions 
anyway. It is a key element in scalar curvature geometry as it precisely says 
that locally one cannot increase scalar curvature even if one allows topolog- 
ical modifications (cf. [LI], [L2] for a discussion): geometrically this result 
means that a complete manifold of non- negative scalar curvature, Seal > 0, 
becoming Euclidean at infinity is just the flat M. n . 

It was possible to extend the Schoen- Yau proof via minimal hypersurface 
techniques up to dimension 8 [SY3], [Sm]. But from that on ever-increasing 
problems due to uncontrollable minimal hypersurface singularities made this 



approach intractable. On the other hand, Witten's approach, while working 
in every dimension [PT], relies on the existence of a spin structure which is 
not a problem in dimension 3 (every orientable 3-manifold is spin) but be- 
comes an serious restriction in higher dimensions. Finally, the inverse mean 
curvature flow of Huisken-Ilmanen presently appears in a sense too sensitive 
(it is comparable to the Ricci flow) for this problem in dimensions > 4. 

The strategy in this paper is to build on the minimal hypersurface idea 
of [SY 1-3] to get a tool that works in arbitrary dimensions to treat the pos- 
itive mass conjecture. The new ideas are substantially based on our recently 
developed tools (in [CL]) to handle scalar curvature effects near the singular 
set and employs Allard regularity as a construction aid providing decompo- 
sitions of minimal hypersurfaces in regular and singular parts after applying 
a compactification argument from [LI] which allows us to consider this as a 
more transparent geometric problem on closed manifolds. 

To state it, recall that a Riemannian manifold (M,g) is called asymptoti- 
cally flat of order r if there exists a decomposition M = M U M^, with M 
compact, and diffeomorphic to lR n \ -Br(O) such that the diffeomorphism 
provides us with an asymptotic coordinate system {y 1 } on M^, i.e. with 

w = * tf+0 (ivn,f* = o(ivi— ), ^ = odvi— ). 

There could be several ends but for the positive energy theorem there are 
simple arguments how to reduce to the single end case (cf. [LI]). 

If the asymptotically flat end has order r > we can assign an 
invariant E(M, g), the energy, measuring the asymptotic behaviour of (M, g) 
near infinity (In the physical context this could be motivated via divergence 
theorem arguments, to capture the total energy and matches pre-relativistic 
(Newtonian) calculations for a single point mass cf. [ADM] and [Wa]: 



E(M, g) = - * n • lim I V - ^ V v 3 dV n . x 

v ,yj Vol(S n - r ) R^J d B R A ^\dx t dxj 3 

where v — {v x ■ ■ ■ v n ) is the outer normal vector to dB R the condition r > **=2 
intends to model the situation that (asymptotically) the end is free of matter. 

It turns out that this (from physical arguments defined (and well-defined 
cf [B])) energy can be recovered from the asymptotic expansion of the metric: 
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in asymptotic coordinates we have 



9ij = (1 + 4(^T) p2_n) 5ij + hij ' 

with p = \y\,hij = 0(p~ n ), and d k h^ = 0(p- n ~ r ), and d k dihij = 0(p~ n ~ 2 ). 

Thus, geometrically, E < resp. E > means that M has some hy- 
perbolic resp. parabolic flavor near infinity which will be the basis for the 
reduction to a purely geometric problem. 

Now the positive energy theorem can be stated accurately: 

Theorem 1 Let (M n ,g) asymptotically flat of order r > with scalar 
curvature > 0. Then E > and E = if and only if (M,g) is isometric to 
the Euclidean space M. n . 

The (physical) source why one adds the assumption Seal > is that 
(M n ,g) arises from a reduction from a n + 1-dimensional space-time where 
(M n ,g) forms a maximal Cauchy hypersurface and one assumes that the 
universe satisfies the so-called dominant energy condition and this gives (by 
some elementary curvature identities) that the induced metric g has Seal > 0. 

This theorem can be reduced to a crisp geometric non-existence result of 
Seal > 0— islands which is the version we are going to prove later on. 

Theorem 2 There is no complete manifold (M n , g) with Seal > in 
the non-empty interior of some compact set K C M n such that (M n \ K,g) 
is isometric to (W 1 \ B r (0), g Eud ) for some r > 0. 

Remark 1 Adding some considerably different techniques to this pa- 
per we can show two different types of extensions: 

1. A non-classical generalized version of these results, namely that the com- 
pactness assumption in Theorem 2 can be substituted for completeness (cf. 
[L3]) which e.g. includes cases with infinitely many ends. 

2. For physical applications we note that all this corresponds to a space-like 
maximal hypersurface in space-time i.e with mean curvature zero. In this 
context there is also the more general situation with variable mean curvature 
which will be subject of another paper (cf. [L4]) which will also cover the 
positivity of the Bondi mass. 
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Now we start with some preparations and then we outline the main steps 
in the proof: We assume that for some end E < and lead this to a contra- 
diction. We first reduce Theorem 1 to Theorem 2: This uses the mentioned 
hyperbolic flavor of an E < - end to find a bending that flattens out the 
end to a Euclidean space while gaining some non-trivial amount of Seal > 0. 
This can be spread on the complimentary part M and we reach a geometry 
whose non-existence is the claim of Theorem 2. The details of this reduction 
were already carried out in [LI], Ch.6. 

Thus we can entirely focus on the proof of Theorem 2: The next step is 
to truncate this flat end: for large Lj3>l,i = l,..,n (abbreviated by T 3> 1 
for T = (Li, ..L n )) the faces of the non-equilateral cube 

C T = [-Li, Li] x \-L\ ■ L 2 , L\ • La] x ... x \-L\ ■ h\ ■ ...L n , L\-h\- ...L n ] c R n 

(for some fixed chart of the end) are contained in the Euclidean portion of 
the flattened end. We delete the complement of this cube in this end and 
identify opposite sides to get a torus component T£. 

Thus, after some rescaling, the new geometry (Vx,gx) looks like a connected 
sum of flat large torus 

T T = (S 1 x ...S 1 , L\ ■ g sl x ... x L{ • ■■■L 2 n _ 1 ■ g s , x L\ ■ h\ • ...L 2 n ■ g s i) 

with a closed manifold W and the metric outside T£ = T T \ B 1 (p), for some 
base point p, will have Seal > 0. Note that we can increase components of 
T whenever we want without modifying Vt \ T% =: Q. 

After these preparations we turn to a sketch that for T large enough such 
a Vt does actually not exist. 

The basic tool is the minimal hypersurface technique which allows to 
gather ambient positive scalar curvature in this lower dimensional object 
and by induction one iterates this until one reaches a surface (or any other 
well-understood geometry). In our case we finally get a surface with positive 
Gauss curvature which contains a torus component, i.e. has genus > 1, which 
cannot exist. 

Of course, here we already reach the problem of those minimal hypersur- 
face singularities which prohibited the use of this method in higher dimen- 
sions for decades. Thus we now have to argue in such a way that we never 
lose touch with the potential singular portions: 

For large T we can use Allard regularity theory to see that in the homol- 
ogy class the n — 1-torus T™" 1 := {q} x (S* 1 )" -1 C Tx with q antipodal to p 
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7y = modulo identification of opposite faces 




there is an area minimizer Hy -1 such that H^ 1 n Ty is a smooth graph (or 
formally section in the trivial ^-bundle) over {p} x (S* 1 )™ -1 \ -Bi(p) which is 
also almost isometric to {p} x (S* 1 )™ -1 \ -Bi(p). 

Thus we indirectly compressed the (potential) singular set £ 7^ of if^ -1 
in H^ 1 fl Q (actually a small cylinder containing Q). This compact set £ 
has Hausdorff-dimension < n — 8 but there is no structure theory and it is 
e.g. possible that £ is a fractal set. 

The first step to treat this singular region of H^" 1 is a conformal defor- 
mation Uq 11 2 ■ g H n-i of if^ _1 \ £ by an eigenfunction > of a generalization 
of the conformal Laplacian adapted to the singular case: 

n — 3 

— Au + —jScal H n-iu = A • \A\ 2 ■ u 

for a certain Ao > 0, where \A\ 2 = T^~^a 2 , a« = i-th principal curvature of 
the second fundamental form A of Hy l . 

It turns out that this deformation nearly keeps the geometry on H'^ l C\Ty 
and this provides us with the geometric condition for an induction argument. 
However, more significantly, since this is the place where we bypass the old 
problem of singularities, we can now apply the mechanisms of [CL] to handle 
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the singular part: 

Subsequent to the deformation u^/ n ~ 2 ■ g H n-i of H^~ l \ £ we deform H^' 1 
close to £ by local arguments (which use more advanced geometric measure 
theory) in a style that can geometrically be described as a stratified version 
of codim > 3 surgery for positive scalar curvature along an (actually aug- 
mented) singular set. In the classical regular case one gets a totally geodesic 
boundary keeping the scalar curvature > 0. The counterpart we obtain is 
an implicit barrier for (n — 2)-dimensional minimal hypersurfaces C H^~ l 
ho mo logically equivalent to the boundary of a neighborhood of E n_7 . 
From this one gets a smooth (n — 2)-dimensional hypersurface N n ~ 2 C 
with positive mean curvature homologically equivalent to that boundary and 
arbitrarily close to £™~ 7 . Finally one transforms a small one sided tube 
of N n ~ 2 into a totally geodesic border (and additionally gives some extra 
Scal(g) > 0). Gluing this with a mirrored copy we get a smooth closed 
manifold with Seal > that contains a (obviously two) nearly flat torus 
components. 

Finally, the non-equilateral largeness assumption on the torus allows us to 
repeat the argument inductively. 

For notational convenience we assume that our manifolds are oriented. 
This is not a restriction since the ends are mapped isometrically under the 
orientation covering. 



2. Induction via Allard's regularity theorem 

Here we want to show that the non-equilateral torus component of Vr = 
Tyj^W squeezes an area minimizer in such a way that we can show that it 
is a smooth graph over T£ = Tx \ Bi{p) almost isometric to its base. 
This is based on a feature of Allard regularity that says that minimizers close 
enough to smooth ones will also be smooth. Thus we get a decomposition 
of the area minimizer in some n — 1-dimensional smooth component which 
(moreover) is a torus (which is enough /argeness-information for the induc- 
tion step) and a singular part in a small region which can be handled by a 
certain generalized surgery procedure described in the section 4. 

We creep up on the claimed regularity starting from the theory of cur- 
rents (and varifolds) which also provides a brief look behind the scenes. 
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First we recall the needed notations (cf. [S]): One defines the space of 
m-currents V m as the dual space of the space of smooth (compactly sup- 
ported) m-forms T> m on W 1 . To carry this over to manifolds one restricts 
these definition to open sets U e.g. the elements of V m (U) are supported in 
U. 

For a current T on U we define its support spt T :— U \ UW , where the 
union UW is taken over all open sets W with T(w) = whenever w G V n (U) 
with supp w C W. The (weighted) area of a current, its mass M;y(T), will be 
defined by M[/(T) = snp^ <l suppwcU T(W) (cf. [S], 26.6, for some remarks 
concerning this definition). 

We single out a subcategory of more geometric objects which also satisfy 
compactness results for the flat norm (see below): T G V m (U) is called an 
integral current (all of them form the set X m (U)) if there is a m— rectifiable 
subset N of U (whose (suitably defined) boundary is also rectifiable) and 
a measurable function £ : N — > A m (IR n ), which in almost every point of N 
forms a normalized volume form of iV such that for any uo G T> m (U): 

T{u) = [ < w(x),S(x) > dU m 

J N 

The basic existence (which is a consequence of the compactness result) 
and regularity theorem of codim 1 area minimizers in a compact manifold 
M n (= minimizers of M M (T), T G X m (M) ) is (cf. [F] CH.5, [G]) 

Proposition (2.1) For any a G ff„_i(M n ,Z) there is an area mini- 
mizing current X n_1 G a whose support is a smooth hypersurface except for 
some singular set E of codim 8 in M n . 

(The existence statement refers to a homology defined for currents (cf. 
[F], Ch.4) which has some geometric extra features like certain types of com- 
pactness of homology classes and a quantitative sense of being homologous 
via the flat norm below. It is only with hindsight that one can interpret 
X n_1 as a cycle representing a in singular homology.) 

Now we consider more concretely Vr = Ty#W. Using a slight deforma- 
tion we can make sure that X has to hit Q: locally we are in R ra and we may 
consider the unit ball B (instead of Q): 

Lemma (2.2) If we have a metric with Seal > near OB in B,g = 
9Euci outside of B we can deform the metric in any e -neighborhood U £ (dB) C 
B of dB in such that the metric is deformed to g £ = e 2 ? ■ gEuci with f < on 
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U £ {dB),g £ = g Eucl on R n \ U e (dB) and Seal > on U e (dB) 



Proof For large d (which depends on the geometry in B) we can use 

f / \ _ j — exp(— 2d/dist(x, dB 1+e )) on U £ (dB) 
U[ * X) ~ \ on R n \B 1+£ (0) 

Now a look at the corresponding transformation law 

Scal(e 2 J ud ) = e- 2f • (-2(n - 1)A/ - (n - \){n - 2)|V/| 2 + Scal(g Eud )) 

shows that for large d ^> 1 the right hand side will be negative on any given 
e-neighborhood U £ (dB) C B of dB since the second order derivative in radial 
direction (in Af) is positive and dominates all the other terms, (cf. Lemma 
(3.1) below) □ 

Thus we may assume that our metric already has this properties of such 
a g £ already for Q (instead of a small neighborhood) and we get for any area 
minimizer X n ~ x homologous to 

Corollary (2.3) The area minimizing hypersurface X™ -1 has non- 
empty intersection with Q. 

Proof If X"" 1 n Q = 0, then we may translate I"" 1 in the fiat T T 
until it intersects Q with M(X n-1 i_Q) > 0. 

Since the metric g/i a t is substituted for e 2 ^ • gf\ a t for some / < this means 
that the (n— 1)— Hausdorff-measures of all sets are multiplied by e^ 1 - 1 'f < 1 
and therefore we have the strict inequality 

M ( X translated^Q)e 2 f-g flat < M ( X translated^Q) 

which contradicts the area minimizing property of X n_1 . □ 

For convenience we can adjust the metric in Q (keeping Seal > 0) by 
slightly decreasing the Ricci curvature in normal direction some interior point 
of Q to turn X into the unique minimizer henceforth called H^ 1 C Vr (this 
is carried out in detail in [Sm]). 

Now we check that sptH^~ l is squeezed between two narrow parallel flat 
tori. There is a similar argument in [SY1] where the assumption E < for 
an asymptotically flat space is used to derive height estimates for solutions 
of Plateau problems. However whereas it is used there to get convergence 
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(which was non trivial since these spaces are non-compact) we use it here to 
show that we do not have any singularity in certain parts of sptH^" 1 (which 
in turn was not an issue in dimension < 7). 

Lemma (2.4) For any T > 1 the ton T^ 1 := {q} x ...(S 1 ) 11 - 1 C T T 
for q Bi{p) will not intersect spt H^ -1 . 

Proof Since H^r 1 represents [T" _1 J we can lift the embedding of 
into M n = T T #W to M x T n_1 #VF, where we have taken the infinite coverme; 
of the S 1 — factor perpendicular to TV' -1 . Now the compactness of spt H^ -1 
gives a point y E sptH^ 1 with maximal first coordinate. Then we can take a 
flat T™ -1 in the flat part of Ty that runs through this point. But a minimizer 
cannot (even locally) lie on one side of a hyperplane (if it does not coincide 
with the hyperplane). □ 

Now we use a regularity result by Miranda [M] (cf. [G],9.4) (which was 
later covered by a quantitative statement from Allard Theory of varifolds 
[A]): if a kind of generalized normal vector to H does not vary to rapidly 
then this minimal hypersurface is already smooth. And [M] and [A] provide 
us with a convenient way to verify this: we just need to show that a mini- 
mizer is close enough to a smooth one. 

The notion of closeness is that of the flat norm ([S],Ch.31): Let W, U be 
an open subsets of Vy with W C U, then we define the pseudometrics (which 
induce a topology called the flat norm topology) by d w (Ci, C 2 ) := 

\ni{M w {S) + Wl w {R)\C l -C 2 = S + dR,Se I n -i(V r ), R e Z n (Vy)} 

In order to apply this we use the particular definition of Vy: Rescale Vy 
by Lj~ 4 (i.e. multiply lengths L^ 2 ). This scaling transforms Ty into a very 
thin (in the first coordinate) torus 

(S 1 x ...S\ Lf ■ g s i x L\ ■ g s i x ... x L\ ■ ■■■L 2 n _ 1 ■ g s i x L\ ■ L\ ■ ...L 2 n ■ g s i) 

which for L\ — > oo collapses to an n — 1-dimensional one T^~ X Ln while the 
component Q C Vy just shrinks according to this scaling. 
But that means that we can identify increasing parts of the T^~ l Ln \ Lj~ 2 • Q 
considered as submanifolds of Vy for L\ — > oo. 

Now consider the minimizer H^ 1 C Vy 



9 



Lemma (2.5) There is an R r G T n (V r ) with [T^J - = di? n 

snc/i that 

Mu(R r ) < Vol n (V r ) 

Proof We show that (in measure theoretic sense expressed by mul- 
tiplicities of currents see below) the mapping degree of n : sptH'^ 1 \ l^ 2 • 
B r r\p) - T£ mLn \ /r 2 • Br\p), (h » l and U > h) is ±1 

If we knew that both are smooth manifolds this were trivial. But the rep- 
resentatives of the used homology theories (although isomorphic since both 
satisfy the Eilenberg-Steenrod axioms (cf. [F],Ch.4)) differ in their differen- 
tial topological behaviour. 

Thus one uses other tools: The condition [7£~* £ J - = dRn , with Rn 

n-rectifiable (which says R n is a union of open subsets modulo some set of 
measure zero) implies that ir is surjective (otherwise points in T^~^ Ln become 
interior and boundary points of the set sptR n ). 

Since T^ 1 L \ l^ 2 ■ B^~ 1 (p) is connected the constancy theorem ([S],Ch.26) 
gives us MH^T^X \ I' 2 ■ Br\p)) = A • [T^ \ if ■ B^ip)} with 
A an integer since we are working with integral currents. 

Now for large T and L x 3> l\ we note that T^~ X L \ l^ 2 ■ B[ l ^ 1 (p) contains 
most of the volume of T^~ l L , thus a comparison argument using that for 
Lipschitz maps / : R m R n? and a Borel subset AcR m (cf. [F], (2.10.11)) 

/ #{xeA: f(x) = y} dH k y < Lip(f) k ■ H k {A). 

(for any k) shows that |A| > 2 would imply that M(7£-* L J < M(#£ _1 ). 
If A = the subjectivity gives us that for T — > oo, M^if^ -1 ) — > oo whereas 
K#(Hy~ 1 L.T2~ 1 Ln \ /f 2 ■ Bf 1 (p)) = gave a universal upper bound for the 
volume of the minimizer. □ 

The regularity result for the minimizer H^ 1 C Vy can now be formulated 
in a version adapted to our problem: 

Proposition (2.5) For any e > h >> 1, there is an L £ > l\ such that 
for Li > L £ 

Moreover for any 5 > there is a e^j > such that H^~ l is a graph of 
some smooth F over T2~^ Ln \ /f 2 • B'i~ l (p) for L\ > L e with \F\ C k < 5. 
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squezzing by uniformly curved minimal hypersurfaces 
to compress the singularities of H in a curved domain 




global view (2-dim) local view (3-dim) 



Proof The first part is immediate from (2.4) and the fact that the 
volume on the right hand side of M.u(R r ) < Vol n (Vy) is scaled by L^ 2n . 

Therefore, for the second part, we now know that we may assume that 
d T r \i- 2 -{s^B™-\p))( T L^.L n \ l i 2 ■ b i~ 1 {p)i h tT 1 ) is sma11 enough to apply Al- 
lard regularity due to an tilt excess estimate [S],Ch.23,24 which arises from 
(2.4) and the flat norm convergence to the regular minimal hypersurface 
T2~ l Ln \ l^ 2 ■ .B" _1 (p) or more transparent from ([G],9.4) where the assump- 
tions of the De Giorgi Lemma are verified (which is the basis of all such 
regularity results). □ 

Thus we have that the singular set is contained in the arbitrarily small 
cylinder S 1 x B^-\p). 

3. Conformal Deformation and Controlled geometry 

We start with a slight extension of (2.2) still noting that the second radial 
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derivative can be made to dominate the total effect: 

Lemma (3.1) Let (M.g) be a manifold with Seal > and > in some 
point p G M then for any open connected neighborhood U of p, any k > 
and e > we can find a conformal deformation e 2 ^ ■ g with f = on M\U , 
H/Hc-fc < £ and Scal(e 2f ■ g) > on U. 

Proof Cover U by a series of open pointed sets (Vi,pi) each dif- 
feomorphic to (i?i(0),0) with locally finite intersection number such that 
Pi G Vi + \. Now perform on each of these sets a deformation (transplanted 
from (£>!(()), 0)). On (i?i(0),0) choose for some Si <C 1 some cut-off function 
4>s, G C°°([0, 1], [0, 1]), (f) Si = near and (f) S . = 1 on 1] and define 

, / \ _J — 0<5 • exp(— 2di/dist(x, dB\)) on -Bi(O) 
/iAW - I o on R n \fi!(0) 

For the first ball (Vi,pi) assume that the ball (Bs 1 (0), 0) is map into the open 
set Sea/" 1 (IR >0 ). Then we can choose d\ that small such that the conformal 
deformation e 2 ^ M i keeps Seal > in the image of (5^(0), 0). Outside this 
deformation increases Seal hence it will be > on the union of previous set 
Scal- 1 ^ ) and V v 

Then, for an inductively chosen pair di,Si with growing di and shrinking 
Si we get the desired deformation Yli>i e 2 ^ M< • g by multiplying all the defor- 
mations. 

The scalar curvature on U for this metric is positive: the relative effect is 

Scal{ Yl e 2f ^ ■ g) = 

k>i>l 

e~ 2f ^ ■ (2(n - 1) • Af iA - (n - l)(n - 2) • \Vf\sf + Scal( J] )e 2fi * ■ g ) 

\ k>i>l / 

For large chosen di we find from elementary computations that A/j^. > 
overcompensates the |A/j j( 5.| 2 -term and therefore these two terms yield a 
positive contribution to Seal. (cf. [L3], sec. 3 for a formal computation) 

□ 

We may apply this for k = 3 and small e > to (Vy, L~[ 4 ■ g r ) to get a 
metric g^ with Scalg^ > and ||L5~ 4 • (?x — fl'xllc' 1 < £ - 

Now we realize that we have new minimizer H^ 1 for this new geome- 
try. But actually (although there might be substantial changes in Q) if we 
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now use the quantitative version of Allard regularity ([S], Ch.24) which is 
not just valid for minimal hypersurfaces but there is a constant e (n) > 
such that it is also satisfied if for a generalized mean curvature trA one has 
(J B \\trA H \\ n dn) 1/n ■ r 1 /™ < £o (n) for balls B in T^ Ln \ if ■ B^ip). 

Thus we get that in Tt \ /f 2 • (S l x B™~ l {p))\ using the uniqueness of 
if^ -1 for e — > the HtjT 1 will converge in flat norm to the Hy~ l and there- 
fore the H%~} (when considered with respect to gy) are eventually smooth 
and C fc -near to H^r 1 everywhere outside the cylinder S* 1 x £?™ _1 (p). 

For such a small e > we want to analyze and modify the scalar curva- 
ture on Hy' 1 . Since we have to understand the singular part St, £ in Q later 
on we will introduce a version of the conformal Laplacian which is scaling 
invariant relative to these singularities. 

Since is area minimizing the 2nd variation of its area is > 0. Now 

choose v is a unit normal vector field and / smooth with support outside 
S T , e , then / • v is an infinitesimal variation of H^f . A direct computation 
gives the expression: 

< Area"(f ■ v) = [ | V H n-i/| 2 - f(\A\ 2 + Ric Vr (is, v))dA > 

^ f |V/| 2 + ^ n ~ 3 - Scal H n-if 2 dA > 
J H u-y u 4(n-2) H r, J 

[ T^-rAVfl 2 + TjP^f 2 (\A\ 2 + Scal Vr ) dA 
J H n-i 2(n - 1) 2(n - 2) 

where \ A\ 2 = S^r/a 2 , = i-th principal curvature of A. 

Thus if (Vy,g r ) has Seal > we infer 

f |V/[ 2 + ^ Scal H n-i-f 2 dA> [ / n ~ 3 J 2 -\A\ 2 dA 

Jan-y Jl 4(n-2) H r, ~ J H ^ 2(n - 2) J 



Now we may assume that the metrics and therefore the hypersufaces 
are analytic, thus we may assume that \A\ 2 is analytic and its zero set is 
lower dimensional (otherwise it is totally geodesic and would not have any 
singularities). Therefore it makes sense to consider the following quotients 

A := inf T ' eV j 1,|2 f 2 ' € (1/4,1) 
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The lower estimate is trivial while the upper bound comes from the identity 
| A\ 2 + 2 • Ricy r [y, v) = Scal Vr — Scal H n-i , one can choose test functions with 

support in the (sufficiently large chosen) flat part so that one may assume 
Ricy r [y, v), Scaly r = 0. 

Although if^ 1 \ ^T,e is an open manifold we can find (actually construct) 
a smooth function positive (while not necessarily integrable) function mt, £ on 
H^' 1 \ £ Tj£ with 

-Am t £ + — -Scalrru-iur £ = A • \A\ 2 ■ uy £ 

' 4(n-2) H r,e li£ 1 1 



We observe that Scal^/n-3 n > 0, since: 

n+l/n— 3 



-4(n - 2)/ (n - 3) • Aw T>£ + Scal g • w Tj£ = Seal 4/n - 3 ■ u r £ 

H-^ -f E U itTi — 1 ' 



1" ,t 



For the torus component we finally check that we actually already repro- 
duced the start conditions for the lower dimensional induction hypothesis: 
we will analyze what happened to its geometry under this conformal defor- 
mation: 

Lemma (3.2) For any rj > there is an e v > and h(r]) ^> 1, 
L\{rj) 3> h(r)), Li(rj) ^> 1 such that for e G (0,^) and L\ > Li(rj) and 
T = (L 1 ,L 2 (r ] ),...L,M) 

II At • mt,e - l|lcs(fl5- 1 \i- 2 .(sixBr- 1 (p)),»5.) < *7 
For some suitable normalizing constants A T , £ > . 

Proof For L x -> oo we observe that (tf^ 1 \ Zf 2 • (S 1 x B? _1 (p)), <^) 
converges in Hausdorff-topology to the flat T n_1 \ {p} and converges C fc - 
compactly. 

We may assume that \\ u y,e\\l 2 (h^~ 1 \i~ 2 -(s 1 xb™~ 1 (p)) g^) ~ ^ n P&rticular 
Scal(g H n-i) — > and A-u T)£ — > compact uniformly since A • \A\ 2 also 
converges to zero. 

Thus there is a subsequence that converges to a harmonic function u with 
\\ u \\L 2 (H™- 1 \i- 2 -(s 1 xB™- 1 (p)),g^) = 1 an( i by a diagonal sequence argument we 
may assume that u is defined everywhere on T n ~ l \ {p}. 
But -u is bounded: u > and the maximum principle says that, for any 
p > 0, min(-u) and max(w) on T n_1 \ B p / 2 {p) are assumed on dB p / 2 {p) 
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and therefore the Harnack inequality applied to the scale-invariant situa- 
tion of ring-regions B p {p) \ B p / 2 (p) C B 2p ( p ) \ Bp/^p) around p which gives 
max B p ( P )\B p/2 (p) u <C ■ min Bp ( p )\ Bp/2 ( p ) u for a C > independent of p. Since 
min(-u) is upper bounded by the value in some fixed point y G T™" 1 \ {p} 
this implies sup^n-i^} u < C ■ inf T n-i\{ p } u. 

Now the bounded harmonic function u can be extended smoothly giving 
a harmonic and hence constant function on T n ~ l . But this implies that 
«x, e — > const, compactly in C k on the torus. 

Here and above we used the (^-identification of large parts of Hljr} with 
those of torus (by projection) which results from Allard regularity. □ 



4. Doubling and Induction 

At this point we have a Seal > 0-geometry on H^' 1 which looks like a 
nearly flat regular torus except for a part contained in a little ball B where 
we may find a non-trivial singular set £t, £ . 

The way to handle this part is an analytic extension of the codim 3 surgery 
techniques which preserve Seal > introduced in [GL] and [SY4] which 
works for any singular set of codim > 2: 

In H%~} fl B we modify uy t£ in two steps: we first substitute this non- 
uniquely determined function (note we are on an open manifold) for the 
smallest possible positive solution of — A-u Tj£ + 4 ("~ 3 2 ) Scal H n-iUy j£ = A • 

\A\ 2 ■ ur :£ with the same boundary value along fl dB. This allows a 

transition to an infinitesimal level near singular points using tangent cones 
and get some more insight in the limiting behavior of that function. From 
this we can start over and deform the metric in a way that the geometry 
bends open near S T e . 

In very rough terms this is the path to following doubling result in [CL]: 

Proposition (4.1) For any given p > there is a neighborhood V p C e- 
neighborhood of S Tj£ in Hy' 1 such that the smooth doubling 

Dp,r, £ ■= Hy' 1 \ V p LL \ V p , 
(~ means glueing along dV p ) admits a smooth metric g p with Scal(g p ) > 0. 
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For small p the metric on either part of D p ^ e deviates from that one 
obtained in the previous section only in B and actually except for a kind of 
generalized warped product deformation near dV p the metric g p is conformal 
to the induced metric on ffijr 1 \ V p . 

Now notice that (Hy~ e 1 \l^ 2 -(S 1 xB^~ 1 (p)),Uy^.~ 2 -g H n-i) can be assumed 

as flat (in C fc -topology) as wanted and we have reproduced the start settings 
but we are now in dimension (n-1) and we have two ends. The second end 
can just be unified with the uncontrolled part Q. 

Thus we can enter the induction scheme: the metric on the tori L\ ■ g s i x 
... x L\ • ...L\_ x • g s i x L\ ■ L\ ■ ...L\ • g s \ is reduced in the i-th step by deleting 
the i-th factor and scaling by L^ A . For a suitably chosen collection of lengths 
L\ <C L 2 .... <C L n we can repeat the described procedures in each step we 
finally reach a surface of genus > 1 but with Seal > and this is not possible 
by Gauss-Bonnet which also concludes the proof of Theorem 2. □ 
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